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$x_{N+1}$ $x_{N}+x_{N-1}= \frac{aN+b}{x_{N}}+c$ , (1)
1 (PI)
$x_{N+1}+x_{N-1}= \frac{(aN+b)x_{N}+c}{1-x_{N}^{2}}$ , (2)
2 (PII)
[$4|-[6|_{\text{ }}(1)$ 1 $(dP_{I})$ $(2)$ 2
$(dP_{II})$ Grammaticos Quispel 2
[7] “singularity confinement”(SC)
























2 “Lattice” Type “Molecule Type”










Toda lattice Toda lattice (5) 2
(semi-infinite) Toda lattice Toda LC
Toda lattice
$\frac{d^{2}}{dt^{2}}\log(1+V_{n})=V_{n+1}-\cdot 2V_{n}+V_{n-1}$ , $n\in Z$ , (6)
$e^{u_{n-1}-u_{n}}=1+$ Toda molecule

















$f$ $\frac{d}{dx}f$ ... $( \frac{d}{dx})^{n-1}f$










$f$ : arbitrary function, (15)
$(V_{0}=V_{M+1}=0)$
$f= \sum_{k=1}^{M+1}\exp(pk^{X}+\delta_{k})$ , $pk,$ $\delta_{k}$ : arbitrary constants, (16)
1. Toda lattice $=$ $=$
Toda molecule $=$
2. Toda lattice Toda molecule




molecule type lattice type
3 Molecule Type Solution for $dP_{I}$
$dP_{I}$
$x_{N+1}$ $x_{N}$ $x_{N-1}= \frac{aN+b}{x_{N}}+c$ (17)
PI PI
(lattice type) $dP_{I}$ molecule type
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3.1 $dP_{I}\emptyset$ Molecule Type Solution
$\tau$
$a_{n}$ $a_{n+1}$ ... $a_{n+N-1}$
$a_{n+1}$ $a_{n+2}$ ... $a_{n+N}$
$\tau_{N}^{n}=$
: :. $\cdot$ .. $\cdot$ (18)








$x_{N+1}+x_{N}+x_{N-1}= \frac{qN}{x_{n}}+p$ , $N\geq 1$ , $x_{0}=0$ , (21)
$dP_{I}(17)$




3.2 $\grave{\Leftrightarrow}\#ffl1$ . Bilinear Formalism
[14]
$\tau$ (18)
$\tau_{N+1}^{n-1}\tau_{N-1}^{n+1}=\tau_{N}^{n-1}\tau_{N}^{n+1}-\tau_{N}^{n}\tau_{N}^{n}$ , $N\geq 0$ , (24)
$\tau_{N+1,\backslash }^{n}\tau_{N-1}^{n}=(2(n+N-1)+1)q\tau_{N}^{n}\tau_{N}^{n}$
$-(2(n-1)+1)q\tau_{N}^{n+1}\tau_{N}^{n-1}$ , $N\geq 0$ , (25)
$\tau_{N+1}^{n+1}\tau_{N}^{n-1}-\tau_{N+2}^{n-1}\tau_{N-1}^{n+1}$
$=p\tau_{N+1}^{n}\tau_{N}^{n}+(2(n-1)+1)q\tau_{N+1}^{n-1}\tau_{N}^{n+1}$ , $N\geq 0$ . (26)
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$= \frac{\tau_{N+1}^{n}\tau_{N-1}^{n+1}}{\tau_{N}^{n+1}\tau_{N}^{n}}$, $N\geq 0$ , (27)
$= \frac{\tau_{N+1}^{n+1}\tau_{N}^{n}}{\tau_{N+1}^{n}\tau_{N}^{n+1}}$ , $N\geq a$ (28)
$+u_{N}^{n}+v_{N-1}^{n}=p+ \frac{2qN}{u_{N}^{n}}$ , $N\geq 1$ , (29)
$u_{N+1}^{n}+v_{N}^{n}+u_{N}^{n}=p+ \frac{2q(n+N)+q}{v_{N}^{n}}$ , $N\geq 0$ , (30)
$u_{0}^{n}=0$ . (31)
$x_{2N}=u_{N}^{0}$ , $x_{2N+1}=v_{N}^{0}$ , $N\geq 0$ . (32)








$<P_{n}(t),$ $P_{m}(t)> \equiv\int_{-\infty}^{\infty}P_{n}(t)P_{m}(t)\rho(t)dt=h_{n}\delta_{n_{r}m}$ (35)
$\{P_{n}(t)\}$ $\{1, t, t^{2}, \cdots, t^{n}\}$ Gram-Shmidt
Pn(





$0,$ $\cdots n-1$ $(n+1)$ $(k+1)$
$\ovalbox{\tt\small REJECT}(t)\#hn-1$
$b_{0}$ $b_{1}$ ... $b_{n-1}$
$b_{1}$ $b_{2}$ ... $b_{n}$
$=\tau_{n}$ (38): : .. :..










$(1+2n)h_{n}$ - $P_{n}^{2}(t)(2g_{1}t+4g_{2}t^{3})e^{-gt^{2}- gt^{4}}12dt$ (41)




















lattice type molecule type
4.1 Lattice Type Solutions
Lattice Type $[14],[15]$
$\tau$














$a=2p$ , $b=(2N-1)p+2q$ , $c=-(2N+1)p$ , (52)
$p=-\epsilon^{3}$ , $q=1$ , $x_{n}=\epsilon w$ , $n= \frac{t}{\epsilon}$ (53)
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$\epsilonarrow 0$ (48)$-(51)$ PII
$\frac{d^{2}}{dt^{2}}w=2w^{3}-2tw+(2N+1)$ (54)
Airy
$Ai$ $\frac{d}{dx}Ai$ . . . $( \frac{d}{dt})^{N-1}Ai$






. . $( \frac{d}{dt})^{2N-2}Ai$
:
$w= \frac{d}{dt}\log\frac{\tau_{N+1}}{\tau_{N}}$ , (56)
4.2 Molecule Type Solution for $dP_{II}$
Molecule type solution $\tau$
$a_{n}$ $a_{n+1}$ ... $a_{n+N-1}$
$a_{n-1}$ $a_{n}$ ... $a_{n+N-2}$
$\ovalbox{\tt\small REJECT}=$
: $:$ $..$ . :
(57)






bilinear formalism $\tau$ (57)
$\tau_{N}^{n}\tau_{N}^{n}-\tau_{N}^{n-1}\tau_{N}^{n+1}=\tau_{N+1}^{n}\tau_{N-1}^{n}$ , (61)
$\tau_{N+1}^{n}\tau_{N-1}^{n-1}+\tau_{N+1}^{n-1}=-pN\tau_{N}^{n}\tau_{N}^{n-1}$ , (62)
$\tau_{N+1}^{n+1}\tau_{N}^{n-1}$ $\tau_{N+1}^{n-1}\tau_{N}^{n+1}=pn\tau_{N+1}^{n}\tau_{N}^{n}$ . (63)
132





$d \mu=e^{-(z+1/z)}\frac{dz}{2\pi iz}$ (65)
$P_{n}(z)=z^{n}+c_{n-1,n}z^{n-1}+\cdots+c_{1,n}z+(i,n$ (66)
(z $=$ ei $\theta$ )
$<P_{n}(z),$ $P_{m}(z)> \equiv\oint_{|z|=1}P_{n}(z)P_{m}(1/z)d\mu=\text{ _{}n}\delta_{n,m}$ (67)
$P_{n}(z)$
$P_{n}(t)= \frac{|\begin{array}{llll}a_{0} a_{1} \cdots a_{n}a_{-1} a_{0} \cdots a_{n-1}\vdots \vdots \cdots \vdots a_{-n+1} a_{-n+2} \cdots a_{1}1 z \cdots z^{n}\end{array}|}{|_{a_{-n+1}a_{-n+2}\cdot\cdot a_{0}}^{a_{0}a_{1}.....a_{n.-1}}a_{-1}a_{0}\cdot\cdot a_{n.\cdot-2}|}$
(68)
Toeplitz
$a_{k}= \oint z^{k}e^{-(z+1/z)}\frac{dz}{2\pi iz}$ (69)
$dP_{I}$
$P_{n+1}(z)$ $zP_{n}(z)+c_{\circ,n+1}z^{n}P_{n}(1/z)$ , (70)
$(n+1)(h_{n+1}-$ $n$ $)=- \oint(1-\frac{1}{\mathcal{Z}^{2}})p_{n+1}(z)p_{n}(1/z)d\mu$ (71)
$\frac{\text{ _{}n+1}}{h_{n}}=1-c_{0_{n+1}}^{2}$, (72)
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xn $=$ ( $+$ l
$x_{n+1}$ $x_{n-1}= \frac{nx_{n}}{1-x_{n}^{2}}$ (73)
$dP_{II}$ lattice type
$\vee^{\backslash })$ molecule type
5 Remarks
lattice type molecule type
1. lattice type $dP_{III}$ $\tau$
1 2 1
molecule type $\tau$ (Hankel






[17H20] $dP_{I\text{ }}dP_{II\text{ }}dP_{III}$
$dP_{I}$
$dP_{I}-1$ : $x_{n+1}$ $x_{n}$ $x_{n-1}=\underline{an+b}+c$ , (74)
$x_{n}$
$dP_{I}-2$ : $\frac{an+b}{x_{n+1}+x_{n}}+\frac{a(n-1)+b}{x_{n}+x_{n-1}}=-2x_{n}^{2}+z$ , (75)
$dP_{I}-3$ : $x_{n+1}+x_{n-1}= \frac{2z}{x_{n}^{2}}-\frac{an+b}{x_{n}}$ , (76)
$dP_{II}$
$dP_{II}-1$ : $x_{n+1}+x_{n-1}= \frac{(an+b)x_{n}+c}{1-x_{n}^{2}}$ , (77)
$dP_{II}-2$ : $\frac{a(n+1)+b}{x_{n+1}x_{n}-1}+\frac{an+b}{x_{n}x_{n-1}-1}=c(x_{n}+\frac{1}{x_{n}})-an+d$ , (78)
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$dP_{III}$
$dP_{III}-1$ : $x_{n+1}x_{n-1}= \frac{ax_{n}^{2}+bq^{2n}x_{n}+cq^{4n}}{x_{n}^{2}+dx_{n}+a}$ , (79)
$dP_{II}-2$ : $\{\begin{array}{l}x_{n+1}+x_{n} = \frac{(an+b)y_{n}+c}{y_{n}^{2}-1},y_{n}+y_{n-1} = \frac{(a(n-1/2)+b)x_{n}+d}{x_{n}^{2}-1},\end{array}$ (80)
$x_{n}$
$dP_{Iv\text{ }}dP_{V}$
$dP_{I}$ lattice $type$ molecule type $dP_{I}$












1. molecule type $=$
2.
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LR discrete Toda molecule
[1] $\epsilon$- discrete potential
$KdV$ [3, 22] lattice type molecule type
Toda
. Toda molecule [23]
molecule type molecule type
SC
SC [24] 1 SC
SC
SC
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